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This paper reports on results obtained by computer simulation of some 
migration processes in a two-dimensional cellular space composed of 
many cell classes. Starting from a random configuration, pairs of cells 
exchange their places so as to maximize the degree of affinity to their 
neighbourhood. The parameters of the process are the number of cell 
classes, the affinity between the classes, the cell class distribution, and 
the processing sequence. Some typical configurations resulting from 
iterating the process for several generations are illustrated, and some 
peculiar phenomena, for instance, segregation, are briefly outlined. 
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A model of the migration process 
Among the numerous processes which can be simulated 
with the aid of two-dimensional cellular automata, migr- 
ation processes represent useful models for investigating 
several biological, physical, and sociological phenomena 
involving the self-organization of cellular complexes 
under the control of local transition functions. Let us 
consider a two-dimensional cellular space on a square 
grid, as outlined in Figure I, consisting of cells that belong 
to the k classes denoted by the digits 0, 1, . . . , k - 1. The 
cells are endowed with a certain amount of affinity to cells 
of the same class or of other classes. These affinities can be 
expressed by a set of coefficients aij, representing the 
degree of affinity between an individual of class i and one 
of classj, with i,j E {0, 1, . . . , k - 1). Here we consider only 
symmetrical affinity coefficient sets, where aij = aji is a 
function of 1 i ~ jl. Let us set a(0, n) = aij if the cells P, and 
P, (see Figure I) belong to classes i and j, respectively. For 
each cell P, belonging to class i, we can compute its total 
affinity 
A,= $ a(0, n) (1) 
to its neighbourhood by summing up the affinities to each 
of the eight neighbours P,, . . , P,, according to their 
respective classes. Starting from a random initial con- 
figuration of the cellular field, described by the set of 
probabilities wO, wr , . , wk that a particular cell belongs 
to class i, with 
k-l 
O<i<k-1, O<widl, and i&Owi= ’ (2) 
where k is the number of classes, the migration process 
consists of an exchange between the central cell P, and 
one of its neighbours P, (including P, itself) such that the 
total affinity A, is maximized. 




figure 7 Cellular space and a 3 x 3-cell neighbourhood centered 
on the cell PO 
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Let us emphasize now some aspects of this process: 
No births or deaths of cells occur; the initial cell 
distribution wO, . . . , wkpl remains unchanged as the 
process is iterated. 
The cells are processed sequentially, and the resulting 
cell swap is performed at once. In the general case, 
parallel processing could require cell swaps which are 
incompatible with each other. 
The maximum migration speed, which in parallel 
processing would be limited to one grid unit per 
generation, can amount here, under given circum- 
stances, to several grid units per generation. 
The questions we wish to answer here are rather general 
and qualitative: 
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Before going into details of the experimental investig- 
ation, it will be useful to introduce the concept of stability 
of an evolving cellular space. For this aim let us consider 
the global affinity G of a configuration, evaluated by 
summing up the local affinities A,&, y) of equation (1) 
over the whole cellular space of N x N cells, with x and y 
ranging from 1 to N. Intuitively, a configuration is more 
stable than another one if it features a higher value of G, 
requiring considerably more migrations to further in- 
crease G. The absolutely most stable configuration has the 
highest possible global affinity. Figure 2 shows some 
examples of configurations featuring, from left to right, 
decreasing values of G, assuming k = 3 and a,, > aij for all 
i, j (i, j = 0, . . . , 2). If we start from a random initial 
With the process repeatedly iterated, will the cellular 
space evolve towards stable configurations; if so, how 
fast is the convergence rate? 
Given the process parameters, some stable patterns of 
very regular shape can be determined a priori by 
theoretical considerations. Are all these patterns equ- 
ally likely to be originated by the actual migration 
process, starting from a random initial configuration? 
How does the volution depend upon the parameters of 
the process, namely the 
(a) Number K of cell classes? 
(b) Class distribution (w,, . . . , wk 1)? 
(c) Affinity coefficient set? 
(d) Processing sequence, i.e., raster scan or random 
scan? 
Since the migration process considered here is, as 
remarked above, necessarily of sequential type, its result 
depends upon the sequence in which cells are processed. 
In particular, raster scan processing can give rise to 
directionally biased configurations. Under this aspect it is 
preferable to use a random scanning sequence, which is 
free from directional bias. Here the spatial coordinates of 
the cells to be processed are taken from sequences of 
random numbers. On the other hand, raster scan process- 
ing is faster, insofar as most of the image processing 
systems exchange data between computer and image 
memory on a line-by-line basis. Therefore, in the random 
scan mode, for reading or writing a single cell the whole 
line must be addressed. For these reasons both random 
scan and raster scan processing modes have been 
implemented. 
N cells 
a) “stripes” b) “onion” 
configuration (Figure 2(d)), configurations of the type 
shown in Figures 2(a), (h), and (c), which are more 
stable, may eventually not be attained at all, even if we 
perform a very large number of iterations, because the 
evolution process can get trapped in the neighbourhood 
of some local maximum of G. Since the criterion control- 
ling the migration process involves only the optimization 
of the local affinity, no guarantee is given that the global 
affinity does actually grow after each generation. The cell 
mobility may not be sufficient for overcoming the pitfalls 
of the local maxima. Introducing the concept of “dis- 
tance” between two configurations, defined as the total 
amount of swaps between neighbouring cells, necessary to 
transform one configuration into the other, the process 
may perform a kind of random walk in the neighbour- 
hood of a local maximum of G, without being able to 
overcome the distance separating the actual configuration 
from another one with a sensibly higher value of G. For 
this reason we shall call “absolutely stable configura- 
tions” only those characterized by an absolute maximum 
of G, for instance Figure 2(a), and not those for which G is 
a maximum only within a limited distance range. 
The problem of “sorting out” mixed cell populations 
has been extensively treated by Goel et al.’ The question 
can be stated as follows: Given the initial class distri- 
bution and the affinity coefficients of a cell population, 
determine all the absolutely stable configurations. The 
answer to this question can be formulated by finding all 
the possible sets of (sufficient) conditions to be met by the 
number of edges between cells of the classes i andj (for i,j 
= 0,. . , k - 1) in order to yield a stable configuration. 
Each of these sets can be symbolically described by the B- 
dimensional binary vector E: 




--b decreasing stability 
Figure 2 Examples of global configurations with decreasing values of the global affinity (from left to right). Three cell classes: class 0 black, 
class 1 hatched, class 2 white 
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with k = number of classes, 0 < i, j 6 k - 1, and 
B=k(k+ 1)/2 (4) 
in which Eij = 0 (Eij = 1) symbolically represents the 
condition that the number of edges between cells of classes 
i and j must be a minimum (a maximum). Now the 
approach of Ref. 1 consists of finding all those vectors E, , 
E 2,“‘, E, that correspond to an absolutely stable 
configuration. For this purpose it is necessary to maxim- 
ize each of the 
B 
z= 0 k -k (5) 
possible independent expressions of the global affinity. As 
z grows very rapidly with k (for k = 2, z = 1; for k = 3, z 
= 17; for k = 4, z = 206), the computational burden for 
many-class populations is very heavy. Moreover, each 
vectorE,(n=l,..., z) contains only information about 
some featues of an absolutely stable configuration, name- 
ly about the number of edges between cells of given class 
pairs, but it does not say anything about all the possible 
geometrical shapes realizable on the basis of each vector. 
For this reason extensive experimental simulation seems 
mandatory in order to get a deeper insight into migration 
processes involving three or more cell classes. Further 
arguments in favour of the experimental approach are 
supplied by an examination of the results reported in Refs. 
1 and 4. 
The first argument concerns the size of the cellular 
space under consideration. It was experimentally found’ 
that, due to limited cell mobility, even a two-class 
population in a 20 x 20 cellular field evolves toward 
configurations which differ considerably from the ab- 
solutely stable ones determined a priori. 
Another argument is that an exhaustive estimation of 
all the absolutely stable configurations, even for a simple 
three-class population, is very complicated and leads to 
quite cumbersome solutions (17 disjunct cases), as ment- 
ioned above. Even in very extensive works on this 
subject”4 a comparison between theoretical and simul- 
ation results has been performed only for extremely 
simple patterns, namely for rings and sheets of cells. 
Results for the two-class population are of some general 
interest as far as the concordance between theoretical and 
simulation results is concerned; however, it is not so for 
the three-class population, where only few very particular 
cases have been investigated. 
Simulation results 
The simulation of the migration process has been perfor- 
med starting from a random initial configuration with k 
cell classes (k = 3,. . . , 8) and with several class distri- 
butions, each represented by the corresponding set 
s(k’=fw(). w1 )...) wi ,...) WkPl) (6) 
of the probabilites of occurrence wi of each class i. Some of 
the distributions used for the simulation are 
S(f): wi = l/k vi SL3’ = (0.7, 0.15, 0.15) 
S:3’ = 10.25, 0.5, 0.25} sy’ = (0.9, 0.05, 0.05) 
Si4’ = 10.4, 0.1, 0.1, 0.4) (7) 
The initial configuration is generated by a random cell 
generator routine, based upon the standard FORTKAN 
random intrinsic function. The class distribution, i.e., the 
set (6), can be arbitrarily chosen. Initializing the cell 
generator with different numbers, we obtain different cell 
sequences. To suppress latent periodicities, we initializ: 
the cell generator at each line with a different random 
number. The influence of the numbers with which the two 
random generators are initialized upon the evolution of 
the migration process has been observed to be negligible. 
Therefore, for each set of parameters k, SCk’, and ACk’, the 
same initial random configuration has always been used. 
Also for the affinity coefficients aij several different sets 
have been used. Because aij = aji, a set is completely 
described by the vector 
ACk’ = {a,, . . ) Ud, . . ) I+- ,} with d= [i-j1 (8) 
In modelling the migration process, it has been assumed 
that some degree of affinity, however weak, exists between 
all cell classes; therefore it is 0 < ud < 1. Some typical 
affinity coefficient sets used in this investigation are 
,4ik’: uij = ’ - ” -j’ 
k 
(linear set) 
Ay = { 1, 0.1, O.Ol} A\3’ = { 1, 0.01, 0.01) 
AY’ = 10.5, 1, 0.01) AY’ = (1, 0.5, 0.01, O.Ol} 
(9) 
In the cell population characterized by Ai3’, for example, 
a very low affinity exists between cells of different classes; 
on the contrary, if a “heterophile” set like Aa’ is chosen, 
the maximum affinity is the one between classes with 
d = 1, for instance between the classes 0 and 1. 
A further important processing parameter is the se- 
quence in which the cells are processed. Raster scan (from 
top left to bottom right) and random scan have been 
considered within the scope of this work. Raster scan 
enhances cell mobility by introducing a constant compo- 
nent in the scan direction, whereas random scan favours a 
random walk of the cells. In both cases the 4(N - 1) 
border cells have not been processed in order to ensure the 
existence of an eight-neighbourhood for every processed 
cell. 
The configurations resulting after the lst, lOth, 30th 
and 100th generation of the migration process taking 
place in a 200 x 200 cellular field have been recorded and 
displayed in Figure 3, where a different label is used for 





1 cells 1 
7, 
Figure 3 Graphical setting up of the experimental results. The four 
fields show the evolution of the migration process in a 200 x 200. 
cellular space after the 1 st, 10th. 30th. and 100th generation 
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serves as a key for interpreting the meaning of each of the 
four quadrants of Figures 5, 8, 11, and 17, in which 
experimental results will be given. Border effects have 
been excluded by limiting the effectively processed field to 
the inner 198 x 198 cells, thus simulating the situation of a 
boundless cellular space. 
Moreover, two scalar quantities have been computed at 
each iteration: 
M = number of migrating cells, i.e., cells which have 
changed their place in the course of the last 
iteration 
G = global affinity, computed summing up the total 
local affinities (see equation (1)) over the whole 
cellular space 
The quantities M and G allow us to evaluate the entire 
migration process. Figure 4 shows their typical evolution 
for most of the simulation experiments undertaken in the 
present investigation. 
In our experiments no absolutely stable configuration 
has ever been attained. The number of migrating cells first 
decreases rapidly, then settles down to a fairly constant 
value (20-50% of the total cell number) of permanently 
“restless” cells. The increase of the total affinity G 
substantially stops after about the 10th generation and 
does not attain its theoretical maximum of 
8(N ~ 2)2 - a,(k - l)(N - 2) (10) 
relative to the configuration of Figure 2(a). The 
behaviour of the cellular space is similar to the class 3 one- 
dimensional cellular automata, those featuring a chaotic 
evolution, described by Wolfram.2 In this case, however, 
belonging to the class 3 or to the class 2 automata (those 
giving stable configurations) does not depend only upon 
the transition function, as in Ref. 2, but also upon the cell 
distribution and the scanning sequence. 
After these general considerations about some trends 
emerging from the simulation of the migration process, let 
us take a closer look at some typical cases. The following 
commentaries to Figures 5 to 9 and I I to 17 have been 
formulated after careful and extensive investigation of 
numerous experimental results displayed on the monitor 
screen (5 12 x 512 pixels) of the image processing system. 
On the other hand, the figures included in this paper 
constitute only a very limited and surely not fully 
adequate choice of material, subject to many comprom- 
ises made for the sake of conciseness and clarity, and 
suffering from sensible quality impairments with respect 
to the original display. It must be also clearly stated that 
the main aim of this paper is to outline some predominant 
maximum global affinity = 8N2 ----__ 
global affinity 
number of migrations 
0 4----tt-) generation Nr 
10 100 200 
Figure 4 Typical evolution of the two quantitres: M = number of 
migrating cells in the last generation, G = global affinity over the 
whole cellular field for the processes constdered in this investigation 
Figure 5 Four evolution stages (see Figure 3) of a three-class 
migration process with equal class distribution, linear affinity and 
raster scan. Each cell class is represented by a grey level proportional 
to the corresponding digit symbolizing the class 0, 1, , k - 1 
trends in the migration process emerging from a broad 
variety of experiments. It makes no claim of supplying 
stringent evidence for any exact rule, i.e., for a set of 
necessary and/or sufficient conditions for the occurrence 
of a particular kind of evolution. Therefore the consider- 
ations to follow are qualitative and must be understood as 
a tentative interpretation of the simulation results. How- 
ever, they can contribute to a better understanding of this 
process or to the development of improved models. Some 
considerations, which may appear intuitive or trivial at 
the first glance, have been corroborated by the simulation 
experiments performed in this work. This fact, represent- 
ing a result for itself, could not be taken for granted a 
priori. 
Figure 5 shows the four evolution stages (see Figure 3) 
for an equally distributed three-class cell population (S’,“) 
in (7)) with linear affnity coefficient set (Ai3) in (9)) and 
raster scan processing; Figure 6 shows a detail of the 100th 
generation. Locally stable layer-shaped structures arise, 
which represent scaled replicas of the ideal stripes pattern 
of Figure 2(a). Performing a random scan, as in Figure 7 
(k = 4), shows that the anisotropic component of the cell 
mobility is absent, and compact blobs arise instead of a 
layer-shaped structure. 
As expected, the configuration of Figure 7 bears more 
resemblance to the onionskin pattern of Figure 2(c) than 
to the stripes pattern of Figure 2(a). 
An interesting phenomenon, which has been observed 
in several migration processes, is cell segregation, i.e., the 
massive separation of cells of one or more classes from the 
bulk of the population.3 Segregation may be caused by 
strongly unequal class distribution, by “heterophile” 
affinity coefficient sets such as Aa’ in (9) by raster scan 
processing, or by a combination of these factors. A first 
example of segregation is given by Figure 8, showing the 
four evolution stages, and by a closeup view of the 100th 
generation in Figure 9, relative to a three-class cell 
population with a high density of one cell type (distri- 
bution S’,“‘), linear affinity coefficient set A(:), and raster 
scan processing. 
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Figure 6 Detail of the 100th generation of Figure 5 
Figure 7 Detail of the 100th generation of a four-class migration 
process with equal class distribution, linear affinity, and random 
scan. 
We can use Figure 10 to interpret the dynamics giving 
rise to the segregation. We must take account of the high 
density of the class 0 cells, of the scan direction, and of the 
sequence in which the neighbours of an actual cell X are 
examined, shown by the counterclockwise arrow on 
Figure 10. From the statistical point of view it is likely 
that, starting from the distribution SC;‘, one of the first 
three cells encountered along the neighbour-scanning 
sequence belongs to class 0 and wanders therefore in the 
left and/or downward direction for taking the place of the 
actual cell X. This process then progresses more and more 
slowly until the remaining cells (right side of Figure 9) 
attain a state in which all classes are about equally 
distributed. This example of migration process has been 
illustrated in more detail in order to make clear that the 
evolution may depend also upon the neighbour-scanning 
Figure 8 Four evolution stages (see Figure 3) of a three-class 
migration process with class distribution Sy), linear affinity, and 
raster scan presenting segregation phenomena 
Figure 9 Detail of the 100th generation of Figure 8 




window of cell X + 1 
X 
4 tscan drrectron 
Figure 10 Neighbourhoods of two contiguous cells, XandX + 1, in 
the raster scan sequence 
sequence. However, in this investigation only the se- 
quence indicated on Figure 10 has been used. 
A quite similar case of segregation is illustrated by 
Figure II, which shows the four evolution stages, and by 
Figure 12, a detail of the 100th generation. The cell 
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Figure 77 Four evolution stages (see Figure 3) of a three-class 
migration process with equal class distribution, heterophile affinity 
coefficient set Ai3), and raster scan presenting segregation 
phenomena 
Figure 12 Detail of the 100th generation of Figure 11 
population has equally distributed classes and the hetero- 
phile affinity coefficient set Ay’. Although the process 
parameters differ from the previous case, the segregation 
mechanism is quite similar. Because the cells are equally 
distributed, the local neighbour-scanning sequence has no 
influence from the statistical point of view. The prevailing 
direction of migration is determined only by the image 
scanning sequence. At cell X + 1 (see Figure 10) the class 1 
cell required for maximizing the local affinity is mainly 
available in position X, as the result of the previous scan 
step, and not among the neighbours at the right of the cell 
X + 1. An apparent paradox occurs: On the left side of 
Figure 12 the cells having the lowest mutual affinity, 
namely classes 0 and 2, are mixed. Substituting the raster 
scan sequence with the random processing sequence, we 
see that segregation does not occur, and the cellular space 
evolves toward an increasingly homogeneous blend of all 
the classes. 
Other typical local patterns, similar to the nested ones 
of Figure 2(c), occurred mostly when we chose affinity 
coefficients with a strong rate of decrease with the class 
distance d, as for instance in the example illustrated by 
Figure 13, showing a detail of the 100th generation of an 
equally distributed population with affinity set Ab3) of (9). 
The term “nested configuration” does not mean that the 
whole cellular field is regularly paved with nested pat- 
terns, a situation which could be attained only by a proper 
choice of the cell class distribution, but that a certain 
number of nested patterns is formed, depending upon the 
initial cell distribution. In particular, it can also be shown 
with elementary considerations that in an equally dis- 
tributed population, nested patterns with class 0 square 
cores of about 5 x 5 cells size are absolutely stable. 
A further interesting phenomenon, which we call 
“transitive affinity,” has been observed under certain 
conditions and will be briefly outlined as follows. Let us 
consider a four-class population, with distribution Si4), 
consisting of the two dominant classes 0 and 3, and of the 
two sparse classes 1 and 2, with affinities given by the set 
Ak4’ of (9). Each dominant class has practically no affinity 
to cells belonging to the class pair consisting of the other 
dominant class and of its neighbouring sparse class at 
distance d = 1. On the other hand, the two intermediate 
sparse classes 1 and 2 show a fairly high mutual affinity. 
Taking a closer look at the 100th generation, a detail of 
which is shown in Figure 14, and comparing it with the 
corresponding results obtained for the cell population 
Figure 13 Detail of the 100th generation of a three-class migration 
process with equal class distribution, affinity set Ay), and raster scan 
presenting “nesting” phenomena 
Table 1 
Type of pattern Local affinity value 
Homogeneous blend of all 8 classes 2.04 
Checkerboard pattern of 
0 and 7 5.12 
1:; 2 1 and  6 5 2.88 1.28 
(e) cells of the classes 3 to 4 0.32 
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different ideal patterns, that we assume to be locally 
stationary on some portion of the cellular space. These 
values are reported in Table 1. 
Performing the process with rr. ?dom scan, we see that 
the resulting configuration is a homogeneous blend of all 
eight classes, corresponding to an intermediate value 
(Table l(a)) of the total affinity. With raster scan 
processing, on the other hand, the cell mobility increases, 
and the evolution proceeds in accordance with the 
following dynamics. The first cell complex to be segre- 
gated is pattern (b) of Table I, scoring the highest local 
affinity. When the cells of classes 0 and 7 are bound 
together into pattern (b), the next highest affinity is 
featured by pattern (c), while the local affinity of a 
potentially competing pattern, namely of the homog- 
eneous blend of all classes except 0 and 7, decreases. In this 
way patterns (b), (c), (d), and (e) of Table 2 are segregated 
one after another, as shown in the Figures 15 and 16. 
Figure 17 illustrates the four evolution stages of the 
process. 
Figure 74 Detail of the 100th generation of a four-class migration 
process with distribution given by Sk4) and random scan, showing 
“transitive affinity.” The cell classes 0 and 1, belonging to the same 
pair consisting of one strong and one sparse class, with high mutual 
affinity, are masked out (black) 
Figure 16 Same as on Figure 15 (right side of the cellular space) 
Figure 75 Detail of the 100th generation (left side of the cellular 
space) of an eight-class migration process with equal class distri- 
bution, heterophile affinities given by Ai@, and raster scan 
defined by S\‘) = (0.5, OS}, A’:’ = { 1, 0.01) (not shown 
here), we can see that the dominant classes, according to 
the computer simulation results, mix with each other 
more intensively than they would do without the “ cataly- 
tic” action provided by the presence of the cell classes 1 
and 2. 
As a last example of migration processes, the case of an 
equally distributed eight-class population with heterop- 
hile affinity coefficient set 
Uij=(i-,i+ 1)2/100 (11) 
i.e. AL” = {0.01,0.04,0.09,0.16,0.25,0.36,0.49,0.64}, and 
raster scan processing will be briefly outlined. Let us 
consider the values of the local affinity, featured by 
Figure 17 The four evolution stages (see Figure 3) of the same 
process as on Figures 15 and 16 
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’ Concluding remarks 
Within the scope of this paper extensive investigations 
have been performed for simulating migration processes 
in a 200 x 200 cellular space with three to eight cell classes 
and several sets of initial distributions and of symmetrical 
affinity coefficients. The results do not yet allow inference 
of the systematic rules for estimating the configurations 
resulting from the evolution of the cellular space, once 
given the initial cell distribution and the other process 
parameters. However, some interesting trends are pointed 




Locally stable configurations, as for instance micro- 
scopic and distorted replicas of those shown in Figuvr 
Z(a), (h) and (c), are often embedded in a globally 
unstable background consisting of permanently “rest- 
less” cells without structured patterns. 
The cell mobility, under the assumed conditions, is not 
sufficient for attaining absolutely stable configura- 
tions. 
With the raster scan processing sequence, the cell 
mobility is higher than with the random scan. This 
difference is significant as far as the evolution towards 
strongly different kinds of configurations is con- 
cerned. 
(4) If we consider only monotone affinity coefficient sets 
(i.e., aij is monotone with ( i -jl), different sets sub- 
stantially determine the shape of the locally stable 
cores (layer-structure, convex blobs, or other) but not 
the global configuration features. 
(5) Interesting segregation phenomena, coarsely affecting 
the shape of the whole cellular space, may occur under 
the influence of one or more factors, such as very 
unequal cell distribution, heterophile affinity coeffi- 
cient sets and/or raster scan processing sequence. 
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